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Second-Order Linear Differential Equations

In this section and the following section, we discuss methods for solving higher-order
linear differential equations.

Definition of Linear Differential Equation of Order n

Letg,, 0, . - ., 0, andf be functions ok with a common (interval) domain. An
equation of the form

YO+ G (YN 4 GV -+ gy Y+ Gy = )

is called dlinear differential equation of order n. If f(x) = 0, the equation is
homogeneousotherwise, it imonhomogeneous

NOTE Notice that this use of the tetromogeneoudiffers from that in Section 5.7.
We discuss homogeneous equations in this section, and leave the nonhomoge-
neous case for the next section.

The functionsy, v,, . . .,Y, arénearly independentif the only solution of the
equation

Cy, +Cy, +- - -+ Cy, =0

is the trivial one,C, =C,=- - -=C,= 0. Otherwise, this set of functions is
linearly dependent

EXAMPLE 1 Linearly Independent and Dependent Functions

a. The functionsy,(x) = sinx ang, = x are linearly independent because the only
values ofC; andC, for which

C,sinx+ Cx=0
for all xareC, = 0 andC, = 0.

b. It can be shown that two functions form a linearly dependent set if and only if one
is a constant multiple of the other. For exampigx) = x wik) = 3x are
linearly dependent because

Cx+ Cy(3%) = 0

has the nonzero solutio® = -3 a@d= 1. E——
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The following theorem points out the importance of linear independence in
constructing the general solution of a second-order linear homogenefeusndiifl
equation with constant cdefients.

THEOREM 15.4 Linear Combinations of Solutions

If y, andy, are linearly independent solutions of thefetiéntial equation
y”+ ay’ + by = 0, then the general solution is

y=Cy + Gy,
whereC, andC, are constants.

Proof We prove this theorem in only one directiony,lindy, are solutions, you can
obtain the following system of equations.

yy"(x) + ay;"(x) + byy(x) = 0
Y, () + ay,’(x) + by,(x) = 0

Multiplying the first equation byC;, multiplying the second bg,, and adding the
resulting equations together produces

[Cyy"(X) + Coy,"(¥)] + a[Cry; (X) + Coy, (¥)] + B[Cryy(x) + Coy,(x)] =0
which means that
y=Cy, + Gy,

is a solution, as desiredhe proof that all solutions are of this form is best left to a
full course on diferential equations. —

Theorem 15.4 states that if you can find two linearly independent solutions, you
can obtain the general solution by forminign@ar combination of the two solutions.

To find two linearly independent solutions, note that the nature of the equation
y” + ay’ + by = 0suggests that it may have solutions of the fgprm e™. If so, then
y’ = meg™andy” = mPe™. Thus, by substitutiony = €™ is a solution if and only if

y’+ay’+by=0
mee™ + ame™ + be™ = 0
e€™(m? + am + b) = 0.

Becaus&™ is never 0y = €™ is a solution if and only if
nm? + am+ b = 0. Characteristic equation

This is thecharacteristic equationof the diferential equation
y”+ ay’ + by = 0.

Note that the characteristic equation can be determined fromféeedifial equation
simply by replacing/” with n?, y’ with m, andy with 1.
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EXAMPLE 2 Characteristic Equation with Distinct Real Roots
EXPLORATION —

Solve the diferential equation

For each dierential equation below
find the chara}ct_eristic equation. Solve y” — 4y = 0.
the characteristic equation for, and
use the values ahto find a general

; . : lution In thi he char risti ion i
solution to the dftrential equation. Solutio this case, the characteristic equation is

Using your results, develop a general m—-—4=20 Characteristic equation

solution to diferential equations with ) )
characteristic equations that have som = +2. Thus,y, = €™ = e andy, = €™* = e are particular solutions of
distinct real roots. the given diferential equation. Furthermore, because these two solutions are linearly

@y — oy =0 independent, you can appiyheorem 15.4 to conclude that the general solution is
a)y’ — 9y =

(b) y’ — 6y’ + 8y = 0 y = C,e* + Ce 2 General solution —

The characteristic equation in Example 2 has two distinct real roots. From
algebra, you know that this is only one thiree possibilities for quadratic equations.
In general, the quadratic equatioh + am + b = 0 has roots

_ 2 __ —a 2 _
m, = a+\2/a 4b and m, = a 2a 4b

which fall into one of three cases.

1. Two distinct real rootsy, # m,
2. Two equal real rootsn, = m,
3. Two complex conjugate roots), = « + Bi andm, = a« — Bi

In terms of the dferential equatioly” + ay’ + by = 0, these three cases correspond
to three diferent types of general solutions.

THEOREM 15.5 Solutions of y” + ay’ + by = 0
The solutions of
y'+ay’+by=0

fall into one of the following three cases, depending on the solutions of the
characteristic equationy + am + b = 0.

1. Distinct Real Roots If m; # m, are distinct real roots of the characteristic
equation, then the general solution is

y = C,e™ + C,emx,

2. Equal Real Roots If m; = m, are equal real roots of the characteristic
equation, then the general solution is

y = C,@™ + Cxe™ = (C; + Cx)e™.

3. Complex Roots If m; = « + Bi andm, = a — Bi are complex roots of the
characteristic equation, then the general solution is

y = C,e®cos Bx + C,e**sin Bx.
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EXAMPLE 3 Characteristic Equation with Complex Roots

Find the general solution of the féifential equation

y”+ 6y’ + 12y = 0.

Solution The characteristic equation
n?+6m+ 12=0

has two complex roots, as follows.
-6+ /36— 48
2
-6+ /12
2
=-3+ /-3
-3+ /3i

Thus,a = —3andB = /3, and the general solution is
y = C,e 3 cos/3x + C,e~*sin/3x.

NOTE In Example 3, note that although the characteristic equation hastagexoots, the
solution of the difierential equation iseal.

EXAMPLE 4 Characteristic Equation with Repeated Roots

Solve the diferential equation
y’+ 4y’ + 4y =0
subject to the initial conditiong0) = 2 andy’(0) = 1.

Solution The characteristic equation
m+4dm+4=(m+ 232=0

has two equal roots given loy = —2. Thus, the general solution is
y = C,emZ + Cxe 2. General solution

Now, becausg = 2 whenx = 0, we have
2=C,)(1) + C,(0)(1) = C,.

Furthermore, becauseé = 1 whenx = 0, we have
y'= —2Ce >+ C(—2xe > + e )
1=-22)(1) + C[-20(1) + 1]
5= C,

Therefore, the solution is
y = 2e% 4 bxe™ % Particular solution

Try checking this solution in the original tifential equation. —
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Higher-Order Linear Differential Equations

For higherorder homogeneous linear feifential equations, you can find the general
solution in much the same way as you do for second-order equatianss, you begin

by determining tha roots of the characteristic equatidinen, based on theseoots,

you form a linearly independent collectionro$olutions.The major diference is that

with equations of third or higher orgeoots of the characteristic equation may occur
more than twiceWhen this happens, the linearly independent solutions are formed by
multiplying by increasing powers af as demonstrated in Examples 6 and 7.

EXAMPLE 5 Solving a Third-Order Equation

Find the general solution gf” — y’ = 0.

Solution The characteristic equation is

m—-—m=0
mm—-—1)(m+1) =0
m=20,1, —1.

Because the characteristic equation has three distinct roots, the general solution is

y=C, + Ce*+ Csex General solution
——
EXAMPLE 6 Solving a Third-Order Equation
—
Find the general solution gf” + 3y” + 3y’ +y = 0.
Solution The characteristic equation is
m+ 3 +3m+1=0
(m+12=0
m= —1.
Because the rooh = —1 occurs three times, the general solution is
y = Cie X+ Cxe X + Cx%e % General solution
——

EXAMPLE 7 Solving a Fourth-Order Equation

Find the general solution gf¥ + 2y” + y = 0.

Solution The characteristic equation is as follows.
m+2m +1=0
(m+1)2%=0
m= =i

Because each of the roat§ = o« + Bi = 0+ iandm, = « — Bi = 0 — i occurs
twice, the general solution is

y = C,cosx + C,sinx + Cxcosx + Cxsinx. General solution
——
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| = natural
length

y = displacement

A rigid object of mass m attached to the end
of the spring causes a displacement of y.
Figure 15.9

Applications

One of the many applications of linearfdiential equations is describing the motion
of an oscillating springAccording to Hookes Law a spring that is stretched (or
compressedy units from its natural lengthtends tarestoe itself to its natural length
by a forceF that is proportional ty. That is,F(y) = —ky, wherek is the spring
constantand indicates the stifess of the given spring.

Suppose a rigid object of massis attached to the end of a spring and causes a
displacement, as shown in Figure 154&sume that the mass of the spring is
negligible compared witm. If the object is pulled down and released, the resulting
oscillations are a product of two opposing forces—the spring féfye= —ky and
the weightmg of the object. Under such conditions, you can use ferdiitial
equation to find the positiop of the object as a function of timeAccording to
Newtons Second Law of Mation, the force acting on the weigh# s ma, where
a = d?y/dt? is the acceleratiomAssuming that the motion isndamped—that is,
there are no other external forces acting on the object—it followsntday/dt?) =
—ky, and you have

d?y
— +|=Jy=0. Undamped motion of a spring

EXAMPLE 8 Undamped Motion of a Spring

Suppose a 4-pound weight stretches a spring 8 inches from its natural Tergth.
weight is pulled down an additional 6 inches and released with an initial upward
velocity of 8 feet per second. Find a formula for the position of the weight as a
function of timet.

Solution By Hookes Law 4 = k(%) sok = 6. Moreover because the weight is
given bymg, it follows thatm = w/g = % = %. Hence, the resulting dérential
equation for this undamped motion is

d?y

—-— + =0.

e 48y =0
Because the characteristic equatigh+ 48 = 0 has complex roots1 = 0 + 4./3i,
the general solution is

y = C,e°cos4./3t + C,°sin4./3t = C, cos4./3t + C,sin4./3t.
Using the initial conditions, you have

1 1
5= C()+Cy0 > C, = > y(0) =3

y(t) = —4/3C,;sin4./3t + 4./3C, cos4./3t
8=—-4.3 (%)(0) +4/3C (1) > C,= 2—\3@ y'(0) = 8

Consequentlythe position at timeis given by

y = 1cos4\@t + 27\@sin4\@t.

2 3 E——
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Suppose the object in Figure 15.10 ugdes an additional damping or frictional
force that is proportional to its velocit case in point would be the damping force
resulting from friction and movement through a fluid. Considering this damping
force, —p(dy/dt), the diferential equation for the oscillation is

ey o dy
Mae = 9~ Py

or, in standard linear form,

d? d k
d7I¥ + %(%) + ay = 0. Damped motion of a spring
A damped vibration could be caused by
friction and movement through a liquid.
Figure 15.10
EXERCISES FOR SECTION 15.3
In Exercises 4, verify the solution of the diferential equation. 31. Consider the dférential equationy” + 100y = 0 and the
. . . ' solution y = C, cos 10x + C,sin10x. Find the particular
Solution Differential Equation solution satisfying each of the following initial conditions.
1. y=(C, + Cxe 3 y’+ 6y’ +9 =0 (a) y(0) =2, y(0) =0
2.y = C,e* + Ce y'—4y=0 (b) y(0) =0, y(0) = 2
3. y=C,cos2x + C,sin2x y'+ 4y =0 (c) y(0) = —1, y(0) =3
4.y =e*sin3x y'+2y'+10y=0 32. DetermineC and w such thaty = Csin/3t is a particular
solution of the diferential equationy” + wy = 0, where
In Exercises 5-30, find the general solution of the linear y’(0) = —5.

differential equation.
In Exercises 33-36, find the pdicular solution of the linear

5y =y’ =0 6.y’ +2y=0 differential equation.

7.y"—-y —6y=0 8.y"+6y’+5/ =0

15y +y=0 16.y"+ 4y = 0 y(0) =0, y(0) = 2 y0) =2 y(0) =1

1. y//f 9y,: 0 18. y”i 2y/= 0 Think About It In Exercises 37 and 38, give a geometric
19.y"—2y"+4y=0 20.y"— 4y’ +2ly=0 argument to explain why the graph cannot be a solution of the
21.y"—-3y'+y=0 22.3y"+4y’'—y=0 differential equation. It is not necessar to solve the diferential
23.9y"— 12y’ + 11y = 0 24.2y"— 6y’ + 7y =0 equation.
25. y(4) _ y =0 26. y(4) _ y”: 0 37. y//: y/ 38. y//: _% y/
27.y” —6y"+1ly’—6y=0 y y

28 y/// 7y//7y/+y:0
29.y” —3y"+ 7y’ —5y=0
30. y/// _ 3y//+ 3y/ _ y — 0

3+
2+
1

-3-2-1 | 1 2 3
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Vibrating Spring In Exercises 3944, describe the motion of
a 32-pound weight suspended on a springAssume that the
weight stretches the spriné foot from its natural position.

39. The weight is pulleé foot below the equilibrium position and
released.

40. The weight is raise@ foot above the equilibrium position and
released.

41. The weight is raiseé foot above the equilibrium position
and started 6fwith a downward velocity o% foot per second.

42. The weight is pulleg foot below the equi
librium position and started fofvith an upward velocity o%
foot per second.

43. The weight is pulleé foot below the equilibrium position and

releasedThe motion takes place in a medium that furnishes a

damping force of magnituckspeed at all times.

44. The weight is pulled; foot
below the equilibrium position and releas&tie motion takes

place in a medium that furnishes a damping force of magnitude

3|v| at all times.

Vibrating Spring In Exercises 45-48, match the d#rential
equation with the graph of a paticular solution. [The graphs
are labeled (a), (b), (c), and (d).The correct match can be made
by comparing the frequency of the oscillations othe rate at
which the oscillations ae being damped with the appopriate
coeficient in the differential equation.

@ (b)

45.y"+ 9y =0
47.y" + 2y’ + 10y

46.y"+ 25y =0
48. y" + y’+%y=0

Il
o

49. If the characteristic equation of thefdiential equation
y’+ay’+by=0
has two equal real roots given toy= r, show that
y = C,g* + Cxe’*

is a solution.

50. If the characteristic equation of thefdifential equation
y’+ay’ +by=0

has complex roots given by, = « + Bi andm, = a — fi,
show that

y = C,e™cos Bx + C,e™ sin Bx
is a solution.
True or False? In Exercises 51-54, determine whethethe

statement is true orfalse. If it is false, explain why orgive an
example that shows it is false.

51.y = C,e* + C,e ¥ is the general solution of” — 6y’ +
9=0.

52.y = (C, + C,x)sinx + (C; + C,x)cosx is the general solu
tion of y¥ + 2y”+y = 0.

53.y = x is a solution ofa,y™ + a, ;y" =V + - -
apy = Oif and only ifa, = a, = 0.

+ay +

54. It is possible to chooseandb such thaty = x2e*is a solution
ofy”+ ay’ + by = 0.

The Wronskian of two differentiable functionsf and g, denoted
by W(f, g), is defined as the function given by the determinant

g
f/ g/ .
The functionsf and g are linearly independent if thele exists at
least one value ok for which W(f, g) # 0. In Exercises 55-58,

use theWronskian to verify the linearindependence of the two
functions.

W(f,g) =

55.y, = & 56. y, =
Y,=€e* a#b Y, = Xe&

57.y, = e*sinbx 58.y; =X
y, = €Xcosbx, b # 0 Y, = X2

59. Eulers differential equation is of the form
X?y"+ axy’+by=0, x>0
wherea andb are constants.

(a) Show that this equation can be transformed into a second-
order linear equation with constant da@énts by using the
substitutionx = €.

(b) Solvex?y” + 6xy’ + 6y = 0.
60. Solve
y'+ Ay =0

where A is constant, subject to the conditiop®) = 0 and
y(m) = 0.



